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üs
se

nw
ir

nu
rP

er
m

ut
at

io
ne

nm
it

� (� )=
� betr

ac
ht

en
,un

d
di

e
en

ts
pr

ec
he

ne
in

ei
nd

eu
tig

de
nP

er
m

ut
at

io
ne

na
uf

de
rM

en
ge

al
le

rZ
ah

le
n

vo
n

1
bi

s

� * 1
;w

as
üb
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rÜ

be
rg

an
g

zw
is

ch
en

L
A

P
LA

C
Es

ch
em

E
nt

w
ic

kl
un

gs
sa

tzu
nd

B
er

ec
hn

un
gv

ia

DE -
Z

er
le

gu
ng

fli
eß

en
d.

B
et

ra
ch

te
nw

ir
al

s
B

ei
sp

ie
ld

ie
D

et
er

m
in

an
ted

er
M

at
rix

� =

+ ,B-1
2

* 2
1

* 1

* 3
2

* 2

* 4

* 2

* 1
0

3
2

* 1
1

/ 0B1.
S

ie
ha

tz
w

ar
ei

ne
n

E
in

tr
ag

N
ul

l,
ab

er
da

in
de

r
dr

itt
en

un
d

vi
er

te
n

S
pa

lte
gl

ei
ch

in
zw

ei
Z

ei
le

n
di

e
E

in
trä
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tz

lic
h,

da
er

es
be

i
ge

sc
hi

ck
te

rA
nw

en
du

ng
ge

leg
en

tli
ch

er
la

ub
t,e

in
eR

ek
ur

si
on

sf
or

m
elz

u
fin

de
n

un
d

da
m

it
ei

ne
al

lg
em

ei
ne

Fo
rm

el
fü
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at
de

rD
et

er
m

in
an

te
k ö
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ge

de
r

le
tz

te
re

nz
u

J � 1

*� 1
=

(

� � +

� 1
)

*� 1
=

� �

m
ac

ht
.S

om
it

is
t

G (

� 1


����
� � )gl

ei
ch

(

� 2

*� 1
)(

� 3

*� 1
)

��� (

� �*
� 1

)

A.A.A.A.ABA.ABA1

� 2

�2 2

���
��  2 2

1

� 3

�2 3

���
��  2 3

. . .
. . .

. . .
. .

.
. . .

1

� �
�2 ��
��
��  2 �

A.A.A.A.ABA.ABA.

D
ie

D
et

er
m

in
an

ter
ec

ht
si

st
of

fe
ns

ic
ht

lic
hw

ie
de

re
in

e
V

A
N

D
E

R
M

O
N

D
E
-

sc
he

D
et

er
m

in
an

te
,a

lle
rd

in
gs

m
it

um
ei

ns
ve

rm
in

de
rt

er
Z

ei
le

n-
un

d
S

pa
lte

nz
ah

lun
d

m
it

ei
ne

rV
ar

ia
bl

en
w

en
ig

er.

D
am

it
ha

be
nw

ir
di

e
R

ek
ur

si
on

sf
or

m
el

G (

� 1


���

� � )

=
(

� 2

*� 1
)(

� 3

*� 1
)

��� (

� �*
� 1

)

G (

� 2


���

� � )

,

di
e

es
er

la
ub

t,d
ie

B
er

ec
hn

un
gv

on

G (

� 1


���

� � )

au
fe

in
ee

in
zi

ge
V

A
N

-
D

E
R

M
O

N
D

Es
ch

e
D

et
er

m
in

an
te

de
r

G
rö
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öh

er
e

M
at

he
m

at
ik

IS
S

20
02

is
t,

al
so

fo
lg

ti
nd

uk
tiv

G (

� 1


���

� � )

=

M 
 N�(

� �*
� 
 ).

h)
D

ie
C

ra
m

er
sc

he
R

eg
el

D
et

er
m

in
an

te
nk

ön
ne

n
au

ch
an

ge
w

an
dt

w
er

de
n,

um
di

e
L

ös
un

ge
n

ei
ne

sl
in

ea
re

n
G

le
ic

hu
ng

ss
ys

te
m

svo
m

R
an

g

� aus

� Gle
ic

hu
ng

en
in

� Unb
ek

an
nt

en
in

ge
sc

hl
os

se
ne

rFo
rm

al
s

F
un

kt
io

n
de

rK
oe

ffi
zi

en
te

n
da

rz
us

te
lle

n.D
az

u
sc

hr
ei

be
nw

ir
da

sG
le

ic
hu

ng
ss

ys
te

m

� � H =�PO

in
de

rF
or

m

H 1� � 1
+

��� +

H �� � �

=

� O ,

w
ob

ei
di

e

� � � d
ie

S
pa

lte
nv

ek
to

re
nd

er
M

at
rix

� se
ie

nu
nd

(

H 1


���

H � )

ei
ne

L
ös

un
gd

es
lin

ea
re

nG
le

ic
hu

ng
ss

ys
te

m
s.

N
un

er
se

tz
en

w
ir

in

de
t

� =
de

t� � � 1


���

� � ��

re
ch

ts
de

nV
ek

to
r� � � du

rc
hd

ie
re

ch
te

S
ei

te

�PO de
sG

le
ic

hu
ng

ss
ys

te
m

s.(E
s

gi
bt

ei
ge

nt
lic

h
ke

in
en

ve
rn̈

un
fti

ge
n

G
ru

nd
,w

ar
um

w
ir

da
st

un
so

llt
en

;
au

ch
di

es
er

T
ric

k
w

ird
,w

ie
so

vi
el

e,
er

st
na

ch
tr̈a

gl
ic

h
du

rc
hd

as
E

rg
eb

ni
s

ge
re

ch
tfe

rt
ig

t.)
D

ie
so

en
ts

te
he

nd
eD

et
er

m
in

an
tei

st

de
t� � � 1


���

� O 
���

� � ��

=
de

t� � � 1


���

� � 
 =

1

H 
� � 
 
�
��
�
� ��

=

� � 
 =
1

H 
 de
t� � � 1


���

� � 
 
�
��
�
� ��

=

H � det

� � � 1


���

� � � 
�
��
�
� �� =

H � det
� ,

da
fü
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fü

r
di

e
B

er
ec

hn
un

gv
on

� +1
D

et
er

m
in

an
te

nis
t

w
ei

t
gr

öß
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fä

lti
ge

n
A

nw
en

du
ng

en
vo

n
D

et
er

m
in

an
te

n

K
ap

.1
:V

ek
to

rr
äu
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hẅ

ac
he

re
n

B
eg

rif
f

al
s

de
m

de
s

S
ka

la
rp

ro
du

kt
s,

de
r

si
ch

im
G

eg
en

sa
tz

zu
le

tz
te

re
m

no
ch

fü
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öh

er
e

M
at

he
m

at
ik

IS
S

20
02

D
ie

S
ka

la
rp

ro
du

kt
ein

R 2 un
d

R 3 si
nd

na
ẗu
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lä
rt

di
es

e
Fo

rm
el

au
ch

fü
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fü

rd
ie

ge
ra

de
de

fin
ie

rt
e

B
ili

ne
ar

fo
rm

au
f

R� ,d
en

n

+ -� 1 . . . � �
/ 1�
+ -� 1 . . . � �
/ 1 =�

2 1
+

��� +

�2 �
ve

rs
ch

w
in

de
ta

ls
S

um
m

e
vo

n
Q

ua
dr

at
en

ge
na

u
da

nn
,w

en
n

je
de

s
ei

nz
el

ne

� � ve
rs

ch
w

in
de

t.

K
ap

.1
:V

ek
to

rr
äu
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äc
hs

te
sd

er
en

G
ru

nd
be

gr
iff

e
de

fin
ie

re
n:

D
efi

ni
tio

n:
a

)D
ie

L
än

ge
ei

ne
sV

ek
to

rs

� � au
se

in
em

E
U

K
LI

D
is

ch
en

V
ek

-
to

rr
au

m

G is
t

p �	�p =

q � � ��	�

.
b

)D
er

W
in

ke
lz

w
is

ch
en

zw
ei

V
ek

to
re

n� � 
�	V
WGsr
Y� 0

Z is
t

t (�	� 
�	V

)
=

ar
cc

os

\
� � �� V q (�	� �� �

)(

�	V �� V

)

] .

D
a

de
r

A
rk

us
co

si
nu

sn
ur

W
er

te
zw

is
ch

en
nu

ll
un

d

� ann
im

m
t,

im
G

ra
dm

aß
al

so
zw

is
ch

en
0

u un
d

18
0

u ,
is

td
er

so
de

fin
ie

rt
eW

in
ke

lu
n

-
o

ri
e

n
tie

rt
.I

m

R 3 ka
nn

m
an

du
rc

h
A

us
ze

ic
hn

un
gv

on
R

ec
ht

ss
ys

te
m

en
üb
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üs

se
n.



���

H
öh
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üb
er

ha
up

tei
ne

nW
in

ke
le

rk
lä
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öc
hs

te
ns

de
n

B
et

ra
ge

in
sh

at
.

Fü
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üb
er

n̈a
ch

st
en

A
bs

ch
ni

tt,
w

o
w

ir
oh

ne
ne

nn
en

sw
er

te
n

zu
s̈a

tz
lic

he
n

A
uf

w
an

d
gl

ei
ch

au
ch

no
ch

ei
ne

äh
nl

ic
he

Fo
rm

el
fü
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r
da

sR
ec

hn
en

m
it

H
E

R
M

IT
E
sc

he
nS

ka
la

rp
ro

-
du

kt
en

in

[� ge
ze

ig
t,

m
it

de
m

w
ir

au
ch

no
ch

m
al

sd
as

R
ec

hn
en

m
it

M
at

riz
en

w
ie

de
rh

ol
en

kö
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rö
ffe

nt
lic

ht
in

Q
u

a
d

ra
tu

re
,

O
ct

.-
D

éc
.2

00
0,

S
.2

3–
34

,
w

ie
m

an
au

s
ko

m
pl

ex
en

V
ek

to
re

n
re

el
le

qu
ad

ra
tis

ch
eM

at
riz

en

� 
�

de
fin

ie
re

nk
an

n,
fü
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kö

nn
en

un
d

w
er

de
nw

ir
E

U
K

LI
D

is
ch

eu
nd

H
E

R
M

IT
E
sc

he
V

ek
-

to
rr

äu
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lö
se

nu
nd

ze
ig

en
,d

aß
di

e
Z

ah
l,

di
e

w
ir

do
rt

al
s

C
os

in
us

ei
ne

sW
in

ke
ls

de
fin

ie
rth

at
te

n,
ta

ts̈a
ch

lic
h

zw
is

ch
en

nu
ll

un
de

in
sl

ie
gt

.N
at

ür
lic

h
ze

ig
en

w
ir

di
es

gl
ei

ch
et

w
as

al
lg

em
ei

ne
rs

o,
da

ß
w

ir
au

ch
ei

ne
A

us
sa

ge
fü
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äß
ig

em
E

r-
fo

lg
)

de
n

fr
an

z̈o
si

sc
he

nT
hr

on
fo

lg
er

un
te

rr
ic

ht
et

e.

D
er

de
ut

sc
he

M
at

he
m

at
ike

rK
A

R
L

H
E

R
M

A
N

A
M

A
N

D
U

S

SC
H

W
A

R
Z

(1
84

3–
19

21
)b

es
cḧ
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ḧa
ng

ig
e

V
ek

to
re

n� � 1


���

�	� ( m

it

� � ���	�

 =0

fü
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