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äq
ui

di
st

an
te

nU
nt

er
te

ilu
ng

m
it

In
te

rv
al

lb
re

ite

� .Fa
lls

al
so

�

ge
ge

nN
ul

lg
eh

t(u
nd

da
m

it
� =

2
�	 � g

eg
en

un
en

dl
ic

h)
un

dg
le

ic
hz

ei
tig

# ge
ge

n
un

en
dl

ic
h,

ko
nv

er
gi

er
td

ie
FO

U
R

IE
R
-R

ei
he

ge
ge

n
da

sI
nt

eg
ra

l


 � �

1 2

�� (

� )�
�  � � � =

1 2

�

 � �


� (

� )�
�  �$� � ,

so
fe

rn
di

es
es

ex
is

tie
rt

.I
m

Id
ea

lfa
ll

so
llt

e
al

so
ge

lte
n

� (
� )

=
1 2

�

 � �


� (

� )�
�  �%� �

m
it

� (

� )= de
f


 � �

� (

� )

���  �%�
� .

U
m

di
es

ge
na

ue
rz

u
un

te
rs

uc
he

n,g
eb

en
w

ir
di

es
en

K
on

st
ru

kt
io

ne
nN

a-
m

en
:

D
efi

ni
tio

n:
F ü
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fü

rd
en

K
os

in
us

w
en

de
nw

ir
di

e
R

eg
el

de
rp

ar
tie

lle
nI

nt
eg

ra
tio

n
an

:

=> co
s

� 0

�? (

; )=


 �

0

co
s

� 0

� ��@
� � �

=
co

s

� 0

���@
� �;EFEFEFE


0

+


 �

0

� 0
si

n

� 0

���@
� �;� � .

H
ie

r
be

ko
m

m
en

w
ir

an
de

r
un

te
re

n
G

re
nz

e
de

s
er

st
en

Te
rm

s
in

de
r

zw
ei

te
nZ

ei
le

de
n

W
er

te
in

sf
ür

de
n

K
os

in
us

,u
nd

an
de

ro
be

re
nG

re
nz

e
ge

ht
na

ẗu
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fü
r

�U 0
0

fü
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r

re
el

le
s

;9 0
et

w
a

is
t

f ü
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fü
rd

en
C

A
U

C
H

Y
sc

he
nH

au
pt

w
er

t.R
ei

he
ne

nt
w

ic
kl

un
gd

er
E

xp
on

en
tia

l-
fu

nk
tio

n
f ü
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ḧa
ng

ig
vo

n

q ;i
m

Fa
lle

�r =

L � 1
ve

rs
ch

w
in

de
t

� m np� �4 �
p =q� �4 +

1

� (�
q )

� �4 +1

�

fü
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fü
r

�9 0
.

K
ap

.3
:H

ar
m

on
is

ch
e

A
na

ly
se

un
d

In
te

gr
al

tr
an

sf
or

m
at

io
ne

n
�A!

Fü
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öh

er
e

M
at

he
m

at
ik

II
W

S
20

07
/2

00
8

–0
.20

0.
2

0.
4

0.
6

0.
81

–1
2

–1
0

–8
–6

–4
–2

2
4

6
8

10
12

t

A
bb

.1
6:

D
ie

F
un

kt
io

n
si

nc

} =
si

n

� �

D
ag

eg
en

ex
is

tie
rt

di
e

FO
U

R
IE

R
-T

ra
ns

fo
rm

ie
rt

e

� | (

� )nic
ht

ei
nm

al
,u

nd
au

ch

� . (� )=


 � �

. (� )

��� �
��� � =

y �

0

f��
� ���� � =

f �2 ��
�� ��

EFEFEFEy 0

=

2 f �(��
� �y � 1)

is
td

eu
tli

ch
ve

rs
ch

ie
de

nv
on

� � (

� ).
d)

E
rs

te
R

ec
he

nr
eg

el
n

D
ie

ge
ra

de
be

tr
ac

ht
et

en
B

ei
sp

ie
le

si
nd

zw
ar

m
it

di
e

w
ic

ht
ig

st
en

F
un

k-
tio

ne
n,

di
e

in
de

n
gä
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rü
ck

e
be

na
nn

tis
t)

w
an

dt
ee

rs
ic

h
zu

rT
el

eg
ra

ph
ie

un
d

ar
be

ite
te

al
s

Te
le

gr
ap

hi
st

zu
n̈a

ch
st

in
D

än
em

ar
k,

da
nn

in
N

ew
ca

st
le

.I
n

di
es

em
Z

us
am

m
en

ha
ng

be
sc

ḧa
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üc

ke
n.

b
)F

ür

�r =
0

is
t � (

� +
� )

�� (

� )
�

=

\ � �| (

� +

� 
� )

�| (

� 
� )

�
� � ,

un
d

de
rr

ec
ht

ss
te

he
nd

eIn
te

gr
an

d
is

tn
ac

h
de

m
M

itt
el

w
er

ts
at

zd
er

D
if-

fe
re

nt
ia

lre
ch

nu
ng

gl
ei

ch

� � � �(� 
� )
fü
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ẗ u
rli

ch
po

si
tiv

se
in

,u
nd

au
ch

~ is
t

gr
öß

er
al

s
nu

ll,
da

~ O (� )
di

e
R

ü
ck

st
e

llk
ra

ft
is

t.
A

ls
o

is
t

=> O (

� )

? (

; )=

O (0)u
;

; 2 +

� 2+

� O (0) ; 2 +

� 2m
it

� =

¢ ~  .
H

ie
re

rk
en

ne
nw

ir
di

e
ge

ra
de

be
re

ch
ne

te
nL

A
P

LA
C

E-
T

ra
ns

fo
rm

ie
rt

en

=> co
s

��? (

; )=

; ; 2 +

� 2u
nd

=> si
n

��? (

; )=

� ; 2 +

� 2
un

d
fo

lg
er

n,
da

ß

O (� ),
fa

lls
L

A
P

LA
C

E-
tr

an
sf

or
m

ie
rb

ar,
di

e
Fo

rm

O (� )
=

O (0)c
os

�� +

� O (0) �sin

��

ha
be

nm
uß

m
it

� =

£ ~	
  .Die

M
as

se
sc

hw
in

gt
al

so
un

ge
d̈a

m
pf

tm
it

F
re

qu
en

z

£ ~	
  .

d)
G

ed
äm

pf
te

S
ch

w
in

gu
ng

en

U
ng

ed̈
am

pf
te

S
ch

w
in

gu
ng

en
w

ir
im

le
tz

te
nA

bs
ch

ni
tt

w
ird

m
an

in
de

r
R

ea
liẗa
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üs

se
ns

ic
h

zu
N

ul
la

dd
ie

re
n,

d.
h.

¤ ¨¦ (

� )+

¥� ¦ (

� )
+

¦ (

� ) � =
0

od
er

¨¦ (

� )
+

¥ ¤� ¦ (

� )+

¦ (

� ) ¤� =
0

.

U
m

be
id

er
L

ös
un

g
di

es
er

G
le

ic
hu

ng
ke

in
e

ko
m

pl
iz

ie
rt

en
K

on
st

an
te

n
m

its
ch

le
pp

en
zu

m
üs
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nä
ch

st
es

B
ei

sp
ie

lb
et

ra
ch

te
nw

ir
da

sA
nf

an
gs

w
er

tp
ro

bl
em

¨� (� )
+

8

� � (� )+
15

� (� )
=

0
m

it

� (0)=
1


� � (0
)=

3
.

L
A

P
LA

C
E-

T
ra

ns
fo

rm
at

io
nm

ac
ht

da
ra

us

;2¬ (

; )�
; � 3+

8

� ;¬ (

; )� 1

� +
15

¬ (

; )=(

;2 +
8

; +15
)

¬ (

; )�;
� 11=

0






�D ^

H
öh
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fü

r,
da

ß
si

ch
di

e
F

un
kt

io
n

as
ym

pt
ot

is
ch

de
rN

ul
la

nn̈
ah

er
t.

-2-1012345

5
10

15
20

25
30

A
bb

.2
0:

D
ie

F
un

kt
io

ne
n

(3

¯ 2

} )

­�® 5

K
eh

re
nw

ir
zu

rü
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hä
tte

n,
un

d
ei

ne
rr

ei
ne

n
S

ch
w

in
gu

ng
de

ra
nr

eg
en

de
n

F
re

qu
en

z,d
ie

si
ch

la
ng

fr
is

tig
du

rc
hs

et
zt

.Im
V

er
gl

ei
ch

zu
rr

ec
ht

en
S

ei
-

te
ha

ts
ie

je
do

ch
so

w
oh

le
in

e
an

de
re

A
m

pl
itu

de
al

s
au

ch
ei

ne
an

de
re

P
ha

se
.A

bb
ild

un
g

21
ze

ig
t,

w
ie

de
rm

it
be

ss
er

zu
m

Z
ei

ch
ne

ng
ee

ig
ne

te
n

Pa
ra

m
et

er
n,e

in
e

so
lc

he
S

um
m

e.

-2-10123

5
10

15
20

25
30

t

A
bb

.2
1:

D
ie

F
un

kt
io

n
co

s(

} )
+

3

­��� 6
si

n
5

}



�K A

H
öh
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nä

m
lic

h

=> co
sh

~ �? (

; )=

=k �� �

+

��� �

2

´ =
1 2

± 1 ; �
~ +

1 ; +~² =

; ; 2 �
~ 2

un
d => si

nh

~ �? (

; )=

=k �� �
���

� �
2

´ =
1 2

± 1 ; �
~�

1 ; +~² =

~ ; 2 �
~ 2

.

K
om

bi
ni

er
en

w
ir

di
es

m
it

de
rR

eg
el

,d
aß

M
ul

tip
lik

at
io

n
m

it
ei

ne
rE

x-
po

ne
nt

ia
lfu

nk
tio

nd
as

A
rg

um
en

tv
er

sc
hi

eb
t,e

rh
al

te
nw

ir
üb
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ẗu

rli
ch

au
ch

di
e

in
ve

rs
e

FO
U

R
IE

R
-T

ra
ns

fo
rm

ie
rt

e
ei

ne
rG

A
U

S
S-

F
un

kt
io

n,
de

nn
na

ch
de

n
al

lg
em

ei
ne

nR
ec

he
nr

ege
ln

is
t

ˇ# ¹ (

� )=
1 2

�� # ¹ (� )
=

1 3 2

�«# 1

Ã(� )
.



�S ^

H
öh
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rd

ie
se

is
t

EFEFE�6
� � (

� )EFEFE=EFEFE(�2 )6
� � (6 ) (

� )EFEFE=EFEFEFEFEGE
 � �

� (6 ) (

� )
��� �

� � �EFEFEFEFEGE

R

 � �

EFEFE� (6 ) (

� )EFEFE� � 5
H

,

da

� st
ar

ka
bf

al
le

nd
is

t.
Fü
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be

rle
ge

n,
da

ß
f ü
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üb

er
da

s
P

ro
du

kt
de

ri
nv

er
se

nF
O

U
R

IE
R
-T

ra
ns

fo
rm

ie
rt

en
fo

lg
t

nu
n

ei
nf

ac
h

da
ra

us
,d

aß
di

e
be

id
en

T
ra

ns
fo

rm
at

io
ne

nz
ue

in
an

de
r

in
ve

rs
si

nd
:

(
ˇ� 
 ˇ. )

=
1 2

�(� ˇ� 
� ˇ. )=
1 2

�(� 
. ).

K
ap

.3
:H

ar
m

on
is

ch
e

A
na

ly
se

un
d

In
te

gr
al

tr
an

sf
or

m
at

io
ne

n
�^�

B
em

er
ku

ng
:F

al
ls

w
ir

fü
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üc

kw
ei

se
st

et
ig

eF
un

kt
io

n,
di

e
ei

ne
rA

bs
cḧ
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ra
lle

L9
# ,

d.
h.

EFEGE�
� � Ü (� )

�Ü 4 (

� )�EFEGE5
�

1
+

� 2f
ür

al
le

L9
# un

d

� M
� .

D
am

it
is

t

EFE�ÛÙ (

Ü )�
�ÛÙ (Ü
4 )EFER


 � �

EFE� (

� )

� Ü (� )

�Ü 4 (
� )�EFE�
�

R

 � �

EFEFE��
� � Ü (� )

�Ü 4 (

� )�EFEFE�
�R


 � �

��

1
+

� 2� � =

� � u
�

K
ap

.3
:H

ar
m

on
is

ch
e

A
na

ly
se

un
d

In
te

gr
al

tr
an

sf
or

m
at

io
ne

n
!hh

fü
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öh

er
e

M
at

he
m

at
ik

II
W

S
20

07
/2

00
8

PA
U

L
A

D
R

IE
N

M
A

U
R

IC
E

D
IR

A
C

(1
90

2–
19

84
)w

uc
hs

au
f

in
E

ng
la

nd
al

s
S

oh
n

ei
ne

s
S

ch
w

ei
ze

rV
at

er
s

un
d

ei
-

ne
re

ng
lis

ch
en

M
ut

te
r.

T
ro

tz
gr

oß
em

In
te

re
ss

ea
n

de
r

M
at

he
m

at
ik

st
ud

ie
rt

e
er

vo
n

19
18

–1
92

1E
le

kt
ro

te
ch

-
ni

k
an

de
r

U
ni

ve
rs

iẗ a
t

B
ris

to
l,

da
er

au
f

ke
in

en
Fa

ll
Le

hr
er

w
er

de
n

w
ol

lte
.

19
21

er
hi

el
t

er
ei

n
S

tip
en

di
-

um
de

r
U

ni
ve

rs
iẗa
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ts
th

eo
rie

so
w

ie
au

ch
A

ns
ät

ze
zu

r(
bi

s
he

ut
en

ic
ht

be
fr

ie
di

ge
nd

ge
l ö
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öh

er
e

M
at

he
m

at
ik

II
W

S
20

07
/2

00
8

U
m

zu
se

he
n,

w
as

di
e

ne
ue

D
efi

ni
tio

n
br

in
gt

,w
ol

le
n

w
ir

di
e

FO
U

R
IE

R
-

T
ra

ns
fo

rm
ie

rt
ed

es
S

in
us

be
re

ch
ne

n:I
m

kl
as

si
sc

he
nS

in
ne

al
s

si
n

� =


 � �
si
n

� u�
�� �� �
�

ex
is

tie
rt

si
e

be
ka

nn
tli

ch
ni

ch
t.

Im
D

is
tr

ib
ut

io
ne

ns
in

ne
is

t

� � si
n(

Ü )=

� si
n(

� Ü )=


 � �
si
n

�� Ü (

� )� �

=
1 2

2

 � �
(

�� �
���

� � )

� Ü (� )� �

=
1 2

2

 � �


� Ü (� )

�� � �
� �1 2

2

 � �


� Ü (� )

�� � �
�

=
2

�

2

2z ˇ� Ü (1)

�ˇ� Ü (

� 1){ =

��2�
Ü (1)

�Ü (

� 1)� ,

de
nn

fü
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Fü
rd

ie
ob

en
ei

ng
ef̈

uh
rt

e
D

IR
A

C
-D

is
tr

ib
ut

io
n

gi
lt

� i (Ü )
=


 � �

q (

� �
f )Ü (�

)� � =

Ü (f ),
un

d
da

m
it

is
t

� � si
n

=

��2�
� 1

�� � 1� =

�2� �
� 1�

� 1� .

K
ur

z,
w

en
n

au
ch

et
w

as
kr

im
in

el
l,

kö
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üs

se
nu

ns
da

he
ra

ls
er

st
es̈

ub
er

leg
en

,w
as

D
is

tr
ib

ut
io

ne
nd

er
Fo

rm

�ÚÙ

m
it

� M L2
(

� 
& )
au

sz
ei

ch
ne

t.

B
et

ra
ch

te
nw

ir
da

zu
fü
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fü
ra

lle

L 
 U
L  .

In
sb

es
on

de
rei

st
al

so

ÌFÌ. 4 ì +
1

�. 4 ì
ÌFÌ 2

R �  .
D

am
it

is
tf

ür
je

de
na

ẗu
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ẗ u
rli

ch
,d

aß
si

ch

�� î O�

sc
hr

ei
be

nl
äß
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sẗa

nd
lic

hs
te

B
ew

ei
ss

ch
rit

tb
es

te
ht

da
rin

,d
aß

w
ir

un
s

üb
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kö
nn

en
w

ir
(n

oc
h)

ni
ch

tv
on

ei
ne

m
m

in
im

al
en

A
bs

ta
nd

re
de

n,
so

nd
er

nm
üs
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öh

er
e

M
at

he
m

at
ik

II
W

S
20

07
/2

00
8

In
sb

es
on

de
rei

st
f ü
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fü

r
D

is
tr

ib
ut

io
ne

n
au

fd
em

SC
H

W
A

R
T

Z
-R

au
m

,m
üs
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nä

m
lic

h
di

e
F

un
kt

io
n

. :'�(�(�* (�($+� �
�

� ,�
')* +�
� 1

(

� �
f )(x �� )

fa
lls

f5
� 5
x

0
so

ns
t

.

A
llg

em
ei

ne
rh

at
fü
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kö

nn
en

w
ir

di
e

L2
-N

or
m

de
rD

if
fe

re
nz

ab
sc

ḧa
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fü

r

<�

0.
A

ls
o

ko
nv

er
gi

er
en

di
e

� 6 für

<� H

in
de

rL
2
-N

or
m

ge
ge

n

� .

D
er

V
ol

ls
t ä
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fü
r

<� H

ge
ge

n
nu

ll
ge

ht
.



!!
�

H
öh
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ch
st

en
sd

ur
ch

ei
ne

N
ul

lfu
nk

tio
n.

d
)

ÌFÌFÌ� �ÌFÌFÌ 2
=

3 2

�Ë �Ë

2
un

d

ÌFÌFÌˇ�ÌFÌFÌ 2
=

1 3 2

�Ë �Ë 2
.

B
ew

e
is

:N
ac

h
de

r
C

A
U

C
H

Y
-S

C
H

W
A

R
Z
sc

he
n

U
ng

le
ic

hu
ng

is
t

fü
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cḧ

at
zu

ng

ÌGÌFÌ� �ÌGÌFÌ 2

R3 2

�Ë �Ë

2
.

G
en

au
so

ze
ig

tm
an

au
ch

di
e

E
xi

st
en

zv
on

ˇ� un
d

da
ß

gi
lt

ÌGÌFÌˇ�ÌGÌFÌ 2

R1 3 2

�Ë �Ë 2
.

D
a

di
e

D
is

tr
ib

ut
io

ne
n

ˇ� � un
d

� üb
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Fü

rj
ed

e
st

ar
ka

bf
al

le
nd

eF
un

kt
io

n

Ü istd
an

n

�ÚÙ (Ü )
=

� æ (Ü )
od

er


 � �

� (

� )

Ü (� )� � =


 � �

. (� )

Ü (� )� � .

D
ie

s
w

ol
le

n
w

ir
an

w
en

de
na

uf
di

e
zu

B
eg

in
n

di
es

es
A

bs
ch

ni
tt

be
tr

ac
h-



!!A

H
öh
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hö

ch
st

en
sa

n
ih

re
n

U
ns

te
tig

-
ke

its
st

el
le

nu
nt

er
sc

he
id

en
.

S
in

d

� un
d

. sog
ar

st
et

ig
,i

st
al

so

� =

. ,un
d

da
s

gi
lt

au
ch

,w
en

n
so

w
oh

l
� al

sa
uc

h

. nur
st

üc
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r
di

e
L

A
P

LA
C

E-
T

ra
ns

fo
rm

at
io

n.D
ie

s
ha

tte
nw

ir
im

w
ei

te
re

nV
er

la
uf

vo
n

j 6
zu

rL
ös

un
g

er
st

er
D

if
fe

re
nt

ia
lg

le
ic

hu
ng

en
ve

rw
en

de
t.

In
zw

is
ch

en
kö
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r

�r =
0,

w
o

� (

� )
=

� �� di
ff

er
en

zi
er

ba
ris

t,
di

e
er

w
ar

te
te

n
E

rg
eb

ni
ss

e,
un

d
f ü
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ẗu

rli
ch

e
Z

ah
l

<

is
t

� � (6 ) =
(

�2 )6
�

Π

6�

un
d

Π

6� � =
(

�2 )6
� � (6 ) .

B
ew

e
is

:F
ür

ÜM
¼ (

� )
gi

lt
na

ch
de

n
en

ts
pr

ec
he

nd
enF

or
m

el
n

fü
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